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Abstract We derive a lower bound on the ground state energy of the Hubbard model for
given value of the total spin. In combination with the upper bound derived previously by
Giuliani (J. Math. Phys. 48:023302, 2007), our result proves that in the low density limit
the leading order correction compared to the ground state energy of a non-interacting lattice
Fermi gas is given by 8w ap,04, where 0,4 denotes the density of the spin-up (down) par-
ticles, and a is the scattering length of the contact interaction potential. This result extends
previous work on the corresponding continuum model to the lattice case.

Keywords Hubbard model - Scattering length - Ground state energy - Thermodynamic
limit

1 Introduction

In recent years, much effort has been made to rigorously analyze the properties of dilute
quantum gases at low temperature and low density. For repulsive pair interaction potentials,
the leading order correction compared to the case of ideal quantum gases of the ground state
energy and free energy of continuous quantum gases in the thermodynamic limit have been
investigated in [2, 9-11, 14, 15, 17, 18].

In particular, in [9] it was proved that the ground state energy per unit volume of a low-
density spin 1/2 Fermi gas with repulsive pair interaction is (in units where A =2m = 1)
given by

3
SO 0) + 0. + 8mao,04 + 0(0?). (1.1)
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Here, 0,(4) denotes the density of the spin-up (down) particles, and a > O is the scattering
length of the interaction potential. The total density of the system equals o = o, + 04, and
(0 — 04)/(20) is the average spin per particle. We remark that as long as the higher or-
der terms can be neglected, the formula (1.1) leads to the conclusion that there is no net
magnetization for small enough a’p, while there is spontaneous magnetization for larger
values [5].

The goal of this paper is to extend the analysis in [9] from the continuum to the lattice
case. We restrict our attention to the case of a simple cubic, three-dimensional lattice. With-
out loss of generality, we choose units such that the spacing between two neighboring lattice
sites is one; i.e., the configuration space for one (spinless) particle is Z>.

For simplicity, we consider the case where the interaction potential between the particles
has zero range, i.e., only particles on the same lattice site interact. This is the simplest version
of the Hubbard model, which was originally introduced as a highly simplified model for
fermions with repulsive (Coulomb) interaction. For a review of the history, rigorous results
and open problems, we refer to [8, 19].

An upper bound to the ground state energy of the desired form was already derived in [3],
hence we concentrate here on the lower bound. Our main result is given in Theorem 1 below.
In combination, the two bounds show that the ground state energy per unit volume of the
Hubbard model at low density o = 0, + 04 and at given spin polarization (o0, — 04)/(20) is
given by

€0(0u» 04) + 8ma0u04 + 0(0%),

where, as before, a denotes the (appropriately defined) scattering length of the interaction
potential, and ey (0,, 04) is the ground state energy per unit volume of the ideal lattice Fermi
gas.

1.1 Model and Main Result
We consider particles hopping on the simple cubic lattice Z3. For N spinless fermions,

the appropriate Hilbert space H(N) is the subspace of totally antisymmetric functions
in L2(Z*"), with norm

Ipla= > Y W, ...xn)P

x1€23 xyez3
We define H(N,,, Ng) C L>(Z3Nu+3Nay a5
H(Ny, Na) = H(N,,) ® H(Na). (1.2)

Elements of H(N,, N;) are thus functions of N, + N, variables that are antisymmetric both
in the first N, and the last N; variables. In appropriate units, the Hubbard Hamiltonian for
N, spin-up particles and N, spin-down fermions in a box [0, L]? is given by

Ny Ny Ny Ng
D IV SV 3) B 13)
i=1 i=1 i=1 j=1
where x1,...,xy, and yy, ..., yn, are the coordinates of the spin-up and spin-down par-

ticles, respectively. The usual lattice Laplacian is denoted by A; it acts as (Af)(x) =
Zy,|x—y|=1(f(y) — f(x)). We consider Dirichlet boundary conditions on [0, L], i.e., we
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Ground State Energy of the Low Density Hubbard Model 1141

restrict H to functions that vanish outside the cube [1, L — 1]°. The thermodynamic limit
corresponds to taking L — 0o, N, — oo and N; — o0 in such a way that

d li Nd
an =1um —.
Qa 12

u

o0, =lim B

3
Note that necessarily 0 < 0, < 1 because of the antisymmetry of the wavefunctions.

We remark that instead of considering two species of spinless fermions with particle num-
bers N, and N,, as we do here, one can equivalently consider just one species of N, + Ny
fermions with spin 1/2, and restrict to the subspace where the z-component of the total spin
equals S; = (N, — Ny)/2. We will use the former formulation for convenience.

The coupling constant g is assumed to be nonnegative and is allowed to take the
value +o0o. The scattering length a of the interaction potential gy . is given by (cf. [3,

(1.6)D)
g 1 dk
=—° _ y= , 1.4

iy +n 7 /[,,mp 437 (1 —coski) (2m)} 45

where k = (k', k2, k*) € R3. We refer to Sect. 2.2 for details.
Our main result of this paper is the following.

Theorem 1 Let Eo(N,, Ny, L) be the ground state energy of H in (1.3). If L — oo, N, —
00, Ny — 0o with g, =lim;_, o N, /L> and 04 =lim;_,o Ny/L>, then

|
erilngEO(Nus Ny, L) = eo(0u, 04) + 8mag,04(1 — o(1)), (1.5

with o(1) < C(ag"*)'/" for some constant C > 0. Here ey(0y, 04) is the ground state en-
ergy per unit volume of the ideal lattice Fermi gas, and 0 = 0, + 04-

As already pointed out in the introduction, an upper bound of the desired form (1.5) was
proved by Giuliani in [3], extending the method used in [9]. This shows that (1.5) actually
holds as an equality.

It is easy to see that

3
eo(@u- 0) = 56110} + 07" + 00" (1.6)

for small o. Hence, at fixed a, the expression for the ground state energy of the continuous
Fermi gas (1.1) and the one for the lattice Fermi gas coincide up to terms of order o(g?).
Theorem 1 is slightly stronger, however, since the error term is o(ag?), not o(0?). Hence
(1.5) should be viewed as a result for small ag'/*, which could be achieved either by making
o small or by making a small. We point out, however, that the case of small a is much
simpler than the case of small g, since the correct result can be obtained via first order
perturbation theory in this case, while this is not possible for fixed @ and small o. For small
a and fixed o, the Hartree-Fock approximation becomes exact, as was shown in [1].

We state and prove Theorem 1 for the simple cubic lattice and zero-range interaction, for
simplicity, but the method can be used in more general cases. For instance, different lattice
structures could be considered, or longer-ranged hopping. Interactions of longer range could
also be included, as long as they are non-negative and have a finite scattering length; and
particles with more than two spin states could be considered, as in [9]. In combination with
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the methods developed in [17], our technique can also be applied at non-zero temperature to
estimate the pressure or the free energy.

The proof of Theorem 1 follows closely the corresponding continuum result in [9], with
several important and non-trivial modifications, however. One of the main ingredients is the
generalized Dyson Lemma, stated in Lemma 1 below, which allows for the replacement of
the hard interaction potential gé,, by a softer and longer ranged potential, at the expense
of the high momentum part of the kinetic energy. The proof of the corresponding Lemma 4
in [9] uses rotational invariance of R? in an essential way, and hence does not extend to the
lattice case of Z3, where such a symmetry is absent. (See also the discussion in [3].) Our
new Lemma 1 does not rely on this symmetry, however.

Another important estimate in [9] that does not carry over to the lattice case is a bound
on the average number of particles that are close to their nearest neighbor. The estimate in
[9, Lemma 6] uses an inequality by Lieb and Yau [13, Theorem 5] whose proof also relies
on the rotational invariance of R3. In Lemma 4 below we will present a weaker version of
this inequality which is equally valid in the lattice case.

The strategy of the proof of Theorem 1 is similar to the proof in [9]. First, we separate the
Hamiltonian H into two parts, the low momentum part of the kinetic energy on the one hand,
and the high momentum part of the kinetic energy together with the interaction energy on
the other hand. The first part is larger than e (0,, 04), while the second part can be bounded
from below by a softer interaction potential; this is the content of Lemma 1. In Lemma 2,
we shall show that at low density the one particle density matrix of the ground state of
the Hubbard model is close to a projection, namely the projection onto the Fermi sea. This
information will then be used to prove that the expectation value of the softer interaction
potential is given by 8w ap, 04 to leading order. To bound some of the error terms, we need a
bound on the expected number of particles whose distance to the nearest neighbor is small.
This will be accomplished in Lemma 3.

In the next section, we shall state some preliminaries and introduce the notation used
throughout the proof. Section 3 contains the main three lemmas, which we have already
referred to above. Finally, in Sect. 4 the proof of Theorem 1 will be given.

2 Preliminaries
2.1 Notation

We start by introducing some notation that will be used throughout the proof. First, the
gradient operator V = (V!, V2, V3) on L?*(Z?) is defined as usual as

(V' Hx) = fx+e)— fx),

with ¢/ denoting the unit vector in the i’th coordinate direction. Its adjoint is given by
(VT £)(x) = f(x —e') — f(x). The Laplacian can then be expressed in terms of the gradient
as

—A=V'.v=V.V'
For any subset A C Z3, we denote by 6, its characteristic function. It will be convenient

to introduce the notation

[VI0,V],==(V -0, V+V-0,VD).

| =
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Ground State Energy of the Low Density Hubbard Model 1143

Note that this is a nonnegative operator which plays the role of the (Neumann) Laplacian
on A. For A C Z* bounded, we denote by P, the projection onto the normalized constant
function on A,

_ 104)(0al
164113

For h € L'(Z?), we define the convolution operator C,, as

(C@) =hxy(x) =Y h(x—PQ).

yeZ3

Its adjoint is given by (C,l'w)(x) = Zyez} h(y —x)¥(y).
We recall also the natural definition of the Fourier transform, mapping L*(Z?) to
L*([-m, 7]%). For p = (p', p*, p*) € R, |p'| = 7,

V(p)=Y_ ey ).

xeZ3
Its inverse is given by
1 PP
=— P dp.
Vo) = oo /[ L
Using the above definitions, the following properties are easily verified:
Seo(p) =1,

Ry (p) = h(p)w(p).

2 -~ o dp 2.1)
W= TergEs
3 R R dp
—(YIAlY) = ;/{nﬂp(z—zcospwhﬁ(pn o

In particular, if M and M’ are two functions satisfying
M (p)I* + M '(p)P =1 forall pe[-m 7,
we can decompose the Laplacian A as
A=CACy, +Ci AC,,. 2.2)

We will use this decomposition in the proof of Theorem 1 in order to separate the kinetic
energy into the high momentum and the low momentum parts.
Finally, it will be convenient to introduce the operator

Ea=I[V'-04V] +0,A. (2.3)
It has the property that
1
(flEalg) = 3 AZ%A[f(x) + fMIg(y) — )] 2.4
ks
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2.2 Scattering Length
We denote by ¢ the solution of the zero-energy scattering equation
1
—Ap(x) + Egr?o.x(p(X) =0 (2.5

with boundary condition lim,_,o ¢(x) = 1. It is given by [3, (1.5)]

ip-x d
o) =1— 4ﬂa/ ¢ P

, 2.6
[—x.7]? 223-:] (1 —cos p/) 2m)3 26)

where a is the scattering length (1.4). It can be shown [16] that there is a constant C > 0
such that

a a
‘(p(x)—l—}—— <C—. 2.7
x| x|
Note that, in particular, @ = limy|_, . (¢(x) — 1)|x]. It can be readily checked that
1
=2 Ae() = g9(0) =4ra. 2.8)
xez3
Another property of ¢ we will need is [3, (1.7)]
Y (@) —¢x) =4ma 2.9)
x€A,y¢A
[x—yl=1

for any simply connected domain A containing the origin.
2.3 Non-interacting Fermions

We recall here briefly the ground state energy of non-interacting (spinless) fermions on the
lattice Z3. For p € [—m, r]?, the dispersion relation will be denoted by

3
E(p)=2 (1 —cosp).

i=1

For given density 0 < o < 1, the Fermi energy E¢(o) is determined by
@m)~3 / dp =o. (2.10)
E(p)<Eg(e)
The ground state energy per unit volume in the thermodynamic limit is then

co=e0” [ Epap.
E(p)<Et(0)
For spin 1/2 particles with spin-up density g, and spin-down density o,, the ground state
energy is thus e(Qu, 04) = e(0u) + e(0a)-
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Ground State Energy of the Low Density Hubbard Model 1145

3 Auxiliary Lemmas

3.1 Lemma One

As mentioned in the Introduction, Lemma 1 is the main tool of this paper. It is similar to
Lemma 4 in [9]. This lemma allows for bounding the hard interaction g , from below by a

softer interaction at the expense of the high momentum part of the kinetic energy and some
error terms.

Lemma 1 For r € N, letAA(r) denote the cube A(r) = [—r,r]? N Z>3. For any function
h e L'(Z?) satisfying 1 > h(p) =0, let

fr)= max [h'() =R @)L, where I'(p) = 1 — h(p). (3.1)

For ReN,let U, W and V denote the nonnegative operators

= 2R+ 1)739A(R)7 (3.2)
W =16mfr Y fr(x) (3.3)
xeZ3
and
= QR+ 1) *[Oak) — Paw)]- (3.4)

There exists a constant C > O such that forany R>C and0<e <1,0<n <1,

w CV] (3.5)

Ch[V OawV1sC, + 28x 0> 47ra|:(1 —)(1—nU — - T

Compared with the result in [9, Lemma 4], there is an additional error term V on the
right side of (3.5). There is no restriction that U has to vanish at the origin, however, which
was necessary in [9]. We note that the norm of U is given by |U|| = (2R + 1)73, which is
much smaller than the norm of (g/2)8, o (Which is g/2) for our choice of R > 1 below.

Proof We are actually going to prove the stronger statement that

w Ccv

<C,§[vT -OV1,C, + §6x,<)> > 47m<(1 —e) (1=l - — - T> (3.6)
¥

¥

for any ¥ € L?(Z*). Here and in the following, we use the shorthand notation (), = (¥ -
|). The non-negative function ® is defined by

where we denote by R the largest integer less than R /2. Since © < 0, g), (3.6) implies (3.5).
To prove (3.6), we first define By as

Br = (YIC,[V"- OV lp) + (WI§5x.o|¢>~
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1146 R. Seiringer, J. Yin

Here, ¢ is given in (2.6). Using Schwarz’s inequality, if follows that | Bz|* is bounded from
above as

|Bg|* < <CZ[V* -OVI,C, + gsx,o> <[V* - OV], + %ax,o> : (3.7)
¥ [

By the definition of ¢, ([V'. OV], + g(SX 0)p < (—A+ (X 0)p = 4ma. Hence we see that
the left side of (3.6) can be bounded from below as

B2
Zl R|'
g 4ma

<c,j V' ev],C, + gax_0> (3.8)

Define x € L*(Z?) via
1X) =V OVllp) + Alg) =[V' - OV],|g) + %sx,ow

Alternatlvely, using (2.3), [x) = (R — R) 1 Z :~ Eaw)le). Hence x is supported in A(R) \
A(R 2). Moreover, x(x) is a non-negative function for R large enough, as can be seen
from (2.4) and the asymptotic behavior of ¢ in (2.7).

Let also |a) = [VT - ©V],|e). Since a(x) = x(x) — (g/2)8x.09(0), also « is supported

on A(R). Moreover, Y a(x) = 0 because of (2.8) and (2.9). Since C, + C,, =1,
Br = (¥/1x) = (¥ICyle).

Recall that ) «(x) =0, and « is supported on A(R). Hence

I(C))(x)] =

Wy =x) = HE)e)| < frx) ) la(y) =8rafe(x),

with fr defined in (3.1). Here we used the fact that x (x) is non-negative and supported
away from the origin, hence )" |a(x)| =", x(x) + g¢(0)/2 = gp(0) = 8xa.
In particular, we conclude that

|Brl = (Y1) —87a Y [¥(x)] fr(x).

xez3

Using Schwarz’s inequality and the definition of W in (3.3), we thus obtain

|Brl” = (1 = &)y ) (xI¥) — (3.9)

xez3

To get a lower bound on |x ) (x|, we use again Schwarz’s inequality, as well as the fact that
x is supported on A(R). We obtain, forO <n < 1,
O (= (1= ) Pawy | x) (X1 Pawy + (1= 07 Oary — Pa)|x) (X1 Oacry — Pacr))

A(R)

Q2R+ 1)? xR =07 Oaw = Pacwy)- (3.10)

> (1—n)@ma)
Here, we have again used the fact that ) x (x) = 4wa.
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Ground State Energy of the Low Density Hubbard Model 1147

To conclude the proof, we have to show that ||x |5 < const.a?/R* for large R. This
follows from the fact that

2
X@) = == sup () —¢(xr+o)| < Ca/R’

T R xI=R Je|=1

for large R, as can be seen from the asymptotic behavior (2.7). Inserting the inequalities
(3.10) and (3.9) into (3.8), we arrive at the desired result (3.6). 0

If |y; — y2| > 24/3R, the cubes of side length 2R centered at y, and y,, respectively, are
disjoint. Hence we can obtain the following corollary of Lemma 1.

Corollary 1 Let U, W and V be as in Lemma 1, and let U, = TyUT;, W, = T_VUTyT
and Vy, = TyVT;, where T, is the translation operator (TyW)(x) =¥ (x — y). If y1, ..., ¥n
satisfy |y; — vyl > 2\/§Rf0r alli # j, then

; g\ . w, CV,
—CyAC, +3 ;(sx__w > 4ra ;[(1 —&)(1 — U, — T) - T)] (3.11)

3.2 Lemma Two

Recall that the Hilbert space H(N,, Ny) is the subspace of L?(Z>N«+Na)) of functions that
are separately antisymmetric in the N, spin-up variables and the N, spin-down variables.
For ® € H(N,, Ny), let y, and y, denote the reduced one-particle density matrices of ¢ for
the spin-up and spin-down particles, respectively, with Try, = N, and Try; = N,.

For m € 73, we define the functions f,,(x) € L*(Z>) as

Fu@) =L+ 1D expQrim - x(L +1)") 3 (x). (3.12)

Note that the f,,’s are orthonormal functions. For any function ¥ supported on [1, L — 113,
the expectation value (Y| — A|y) can be expressed as

(Wl =Aly) = > EQum/(L+ D)W fu). (3.13)

me[—L/2,(L+1)/2]3

For M € N, let £(M) denote the projection

§(M) = > [ fn) (] (3.14)

EQmm/(L+1)<Ep(M/(L+1)3)

It is easy to see that

lim M 'TreM)=1 (3.15)
M—o0,L—o0
in the thermodynamic limit L — oo, M — oo with M/L? — o for some 0 < o < 1.
Let£(N,) =&, and £(N,;) = &, for simplicity. As mentioned in the introduction, we shall
show in Lemma 2 that the reduced one particle density matrix y, () of a ground state ® of
H is close to &,(4) in an appropriate sense.
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1148 R. Seiringer, J. Yin

Lemma 2 Let ® € Hy, y,. Assume that, in the thermodynamic limit N, — 00, L — 00
with Quay = Nuwy/ L fixed,

hmsup (P - ZAXL ZA | D) < eg(0u, 04) + Cag? (3.16)
i=1

for some C > 0 independent of a and . Then

lim sup Tr[yu(d)(l — &ua))] < const. 0v/ap'/3. (3.17)

L—oo

Proof The proof is parallel to the proof of Lemma 5 in [9], following an argument in [4]. [
3.3 Lemma Three

For given points y;,..., yn, € 73, let Ix(yi, ..., ¥n,) denote the number of y;’s whose
distance to the nearest neighbor is less or equal to 2+/3 R. Because Corollary 1 can be applied
only to those y;’s that stay away a distance larger than 2+/3 R from all the other particles, we
will need an upper bound on the expectation value of /5 in the ground state of the Hubbard
Hamiltonian. This will be accomplished in Lemma 3 below. It states that as long as R is
much less than the average particle distance o~/3, the expectation value of I, in the ground
state of H is small compared to the total number of particles N.

Lemma 3 Let & € H(N,, N;). Assume that for some constant C > 0, independent of o,

and 04,
1 u 2/3
N(fbl—;m@)scg : (3.18)
Then
(DIR(Y1s -, Y,)| D) < const. N((R + 1)°0)*". (3.19)

Proof With D; denoting the distance of y; to the nearest neighbor among the y; with k # i,
we can write
Ny
IOt ¥n) = Y O0203r)(Di)-
i=1

Here, 6y ,./3z; denotes the characteristic function of [0, 2+/3R]. It follows from Lemma 4
below that

Na

21
> Oo2var(Di) < bZAy +b 3/2

i=1 i=1 xeZ3

[0, sz](|x|) (3.20)

for any b > 0. Using the assumption (3.18) and optimizing over the choice of b, we arrive
at the result. O

It remains to prove the bound (3.20), which is a special case of the following Lemma. Its
proof uses a similar decomposition method as in [12].
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Ground State Energy of the Low Density Hubbard Model 1149

Lemma4 Let f be nonnegative, with ) _,5 f(|x]) < 00, and let D; denote the distance of
X; to the nearest neighbor among all points x ; with j # i. On the subspace of antisymmetric
N -particle wavefunctions in L*>(Z>"),

112

N
DA = f(D)) = =N Y F(xD (321

i=1 xeZ3

Proof Let N; be the largest integer less or equal to N /2, and let N, = N — N;. Consider a
partition P = (7, 7r») of the integers 1, ..., N into two disjoint subsets with N, integers in
m; and N, integers in 7r,. For a given P and i € 7|, we define

P . .
D; =min{|x; — x|, j € m}.

It is easy to see that

g:f(Di)54< ) DD Fh,

P iem

where the sum runs over all ( 1’\)’ ) partitions of {1, ..., N}. This follows from the fact that
for given i and j, the probability that a partition P has the property that i € 7r; and j € m,
equals NyN,/(N(N — 1)) > 1/4.

In particular, we see that

N
Z(—Al—f(m)z( ) ZZ(——A —4f(D ))
i=1 P iem

For fixed x;, j € m», we can use the Lieb-Thirring estimate [6, Theorem 5.3] to conclude
that

N P 8 N, 2 5/2 P\5/2
Z(—FA —4f(DF) )>_15n2<ﬁ> £73" F(Df)".

iem x1€Z3

Note that the antisymmetry of the wavefunctions is essential here. We can estimate

Y FDDT <N Y xR

x1€23 xeZ3

Using in addition that N 13 / 2N2 <N/ 25/2 we arrive at the statement. O

4 Proof of Theorem 1

We write the Hamiltonian H in (1.3) as

N, Ng Ny Ng
( >+ gZZém,) ( >a,+ gzmv,) @

i=1 j=1 i=1 j=1

Recall that we restrict H to functions that are antisymmetric both in the x and the y vari-
ables, and are supported on the cube [1, L — 1]?W«*Na) I the following, we are going to
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1150 R. Seiringer, J. Yin

derive a lower bound only on the first term. The lower bound on the second term can be ob-
tained in the same way by simply exchanging the role of x and y. Our bound is not a bound
on the ground state energy of this first term, however, but rather estimates the expectation
value of this term in the ground state of the full Hamiltonian H.

First, as mentioned in the Introduction, we decompose the kinetic energy —A into a high
and a low momentum part. Let again E¢(o) denote the Fermi energy of an ideal gas of
spinless fermions at density o, defined in (2.10), and let

M(p) — |:1 _ Ef(Qu)] )
+

E(p)

Here, [ -]+ = max{-, 0} denotes the positive part. Moreover, let Az’(p) =+ 1—M(p)2. As
pointed out in (2.2), we can decompose the Laplacian as

A=C},AC,, +CiAC,.

We first claim that

Ny

.1 §
LIergoﬁlnfspec —Z(C AC,,)i | = eon) - (4.2)

i=1

The proof follows in exactly the same way as the proof of (64) in [9], using an argument
in [7].

We proceed with the high-momentum part. Let / : R? — R, be a smooth, radial, positive
function, with l(pl: 0 for |p| <1,1(p)=1for |p| > 2,and 0 <I(p) <1 in-between. As
in [9], we choose h;(p) as

hy(p) =1(sp). 43)
Since hy(p) =0 for |p| < 1/s, we can estimate
-~ E¢(ou) Et(ou) ] -~ 2
2] [ Ep) L > [ mino 1, E(p) 2] (4.4)

(Here, the minimum is taken over p € [—m, ]?, |p| > 1/s.) In particular, this implies that

Et(u)

—CyAC), = [1 -
M min, > 1/5 E(p)

] (—Cy AC,). (4.5)
+

Since E(p) ~ |p|? for small | p|, and E(g,) < const. Q5/3, we obtain

|:1 Ef(Qu)

- ] >1- const.szgi/3 (4.6)
miny>1/5 E(p) |4

as long as s > 1.

We note that with this choice of Es (p) the corresponding fzz (p)=1-— ﬁ; (p) is a smooth
function that is supported in |p| < 2s~!. As in [9], we conclude that the corresponding
potential W (x) defined in Lemma 1 satisfies (for 1 < R < const.s)

R? R?
W (x) < const. = and Z W (x) < const. pel 4.7

xez3
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for some constants depending only on the choice of /. Moreover, if |y; — y;| > 2+/3R for all
i # j, then
Ny 1
W, — ;) <const, — 4.8
; R(x = yi) < const. —— (4.8)

independent of x and N,.

We will now use Corollary 1 to get a lower bound on the sum of the high momentum part
of the kinetic energy and the interaction energy. In order to be able to apply this corollary,
we have to neglect the interaction of the x particles with those y particles that are not at
least a distance 2+/3R from the other y particles. Let us denote ¥ = (y1, ..., yn ), and
let Y’ be the subset of Y containing those y; whose distance to all the other y;’s is larger
then 2+/3R. Note that, by definition, the cardinality of Y is |Y'| = Ny — Ir(y1, ..., Yn,),
with I defined in Sect. 3.3. Moreover, let Y” C Y’ be the set of y; € Y’ whose distance to
the boundary of [0, L]? is at least R + 1. As argued in [9], |Y”| > |Y’| — const. (L/R)? and
hence, in particular,

Jim L™(@[()Y'| = [Y"DI®) =0 (4.9)

in the ground state ® of H.
Applying Corollary 1, together with (4.5), we obtain that for a given configuration of Y,

N N,
Z" gy Ei(0.) Z"

- [CT AC ]i +3 (SX,', i = |:1 - 7] [ll}y]i7 (410)
i=1 " . 2 ij Y min,,|>1/s E(p) +

i=1

with wy defined as

W, CV,

{Jyjer”} 7

For any ® € H(N,,, N,), we can express the expectation value of ), [wy]; as

Nu
(@) [wyli|®) =) oy Trlyywyl, (4.12)
i=1 Y

where we denote by gy the distribution function of ¥ = (y; - - - yw,), that is,
01 = (D[8y_(y, .y, 1| P)

and yy denotes the one-particle density matrix of & for fixed Y, i.e.,

Nu %
yr(x,x) = o > d@x . xy VOE X xy, V)
Y

XDy XNy

Note that 0 < yy < I and Tryy = N,,. Moreover, ) , oy =1 and ), oy Yy = ¥,, which is
the one-particle density matrix for the spin-up particles introduced earlier in Sect. 3.2.

From now on, we will consider @ to be a ground state of H. The assumptions of Lem-
mas 2 and 3 are clearly satisfied for this @, as the upper bound derived in [3] shows.
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Recall that £, denotes the projection £(N,) defined in (3.14). We write wy = wy 4 —
wy,—, where wy , > 0 stands for the part of wy in (4.11) containing U, whereas wy _ > 0 is
the part of wy containing W and V. As proved in [9, Sect. V.C] we have, for any § > 0,

Trlyywy] = Tr[§,wy 1+ 1(1 — 8) — Tr[§,wy,-1(1 + &)

= (148 Y Uwy 4l + llwy, - 1) Trlyy (1 — )1 — llwy | Tr{&, (1 — yp)].
(4.13)

We are now going to bound the various terms on the right side of (4.13). First, using
> ez3 U(x) =1 and the fact that &, has a constant density, we have

Tr[&,]

m(l — 5)(1 — 7’])47Ta|Y//|

Tr[§ wy 4] =

To estimate lim;_, o L3 > yoy Tr[§,wy 4], we can use (4.9), |Y'| = Ny — Ir(Y) and
Lemma 3 to conclude that

Jim L3 0y Tg,wy 12 (1 - )(1 — rag,es — const.ag>(R+ 1),
—00
Y

Here, we have also used that lim; _, o, L™ Tr[£,] = .., which follows from (3.15).
Analogously, using (4.7) and the fact that for any v and fixed y,

1 1
W) =5 Y W@ -y <5 max [P — gD

T 2R+ 1)° e A T 2 (ra)ey+AR)

it is easy to get the upper bound

R2 R2 2/3
lim L73 )" oy Tr[€,wy, -] < const. aQqu(—z T )
L—o00 Y Es n

Moreover, using (4.8) and the fact that the distance between two y; € Y” is at least 24/3R,
as well as n < 1, we find that,

1 1
=< = st. — + —= ). 4.14
lwyll < llwy.+ I + lwy,- || < cons a<5s2R+nR3) (4.14)

The bound in Lemma 2 implies that

L—oo

lim L7 "oy Tr[yy(1 — &)1 = lim L™ Tr[y, (1 —&,)] < const. o(a’0)"".
v L—o0
Finally, the last term in (4.13) can be bounded as

1 1
R B - 30176
Jim L ;gyllwyllTr[éu(l yr)l < const-a(—gszR + 77Rg)e(a o',

where we have used (4.14) as well as the fact that Tr[£,(1 — yy)] = Trlyy (1 — &,)] +

Tr[&, — yy]. The last term, when averaged over Y, is o(N) in the thermodynamic limit,
ie., Y yoy Trl&, — yv]l=o(N).
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Collecting all the bounds, and applying the same arguments also to the second term in
(4.1), we arrive at the lower bound

1
lim — Eo(N,, Ny, L
Aim - of 4 L)

R2 RZQZ/S
= eo(0u; 0a) + 87TaQqu|:1 —e—n—48— const-( M+ — + " )

es
3 \1/6 1 1

— const. [ (R3)¥5 + &9 .

cons <( Q"+ ) nR3Q+8S2RQ

Here, we have assumed that R > 1 and that s >> 1 in order to be able to apply the esti-
mate (4.6). If we choose

R— —1/3(a Q)l/%o o= —1/%(a 9)1/90’ 8:8:17:((13Q)1/45 (4.15)

this implies that
_— _ 1/3y1/15
M 5 Eo(Nu, Na, L) = eo(@u- 04) + 8maguea(1 — const.(ag ™) ™),
— 00 -

which is the result stated in (1.5).
Recall that in order to be able to apply Lemma 1, it is necessary that R > C for some
constant C > 0, which for our choice of R in (4.15) is the case if

(@' = Co'. (4.16)

Under this assumption, also s > 1 is satisfied for small a®o. For fixed a, (4.16) holds for
small enough o. However, if a is very small, (4.16) is violated. In this case, one can obtain
our main result (1.5) actually much easier. One simply omits the use of Lemma 1 altogether,
and applies our perturbative estimate (4.13) directly to the interaction potential (g/2)d,,.
Notice that for small a, g ~ 8mra is also small. The resulting bound is

1 @0)"
lim —= Eo(Ny, Na, L) = eo(Qu: 0a) + g0uQa| 1 — 8 — const. —=——— |. (4.17)
Looo L3 5@
Choosing § = 0~ /*(a%0)"/'? and noting that g > 8wa and o > const.(a30)"/'° in the para-

meter regime we are interested in here, this yields (1.5) in case (4.16) is violated.
This finishes the proof of Theorem 1.
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